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' 
arithmetic _ tmpleme-nta·tion p-ackage for -WIZARD (a programming. · 
_system used on the ~DC 6400 at Lehigh University) and its u~.e ... 
with a general. linear equation solvero · The Interv-al Arithmetic '· 
. ~ 
-
Programming System (IAPS) includes the interval arithmetic· 
' 
operations of addition,· subtraction, multiplication, and 
' ,, 
divisionQ Also included in IAPS are natural logarithm, ex-
ponent.iation, and ratic,nal. functio·n interval operators o. IAPS-
t •. '' . d f··t u t,-'h d h C , h t th th con .a.ins a . :roun ... ,o , . me:~ o w . .tc gt1a.1~an ees at · -e 
• 
resulta·nt i;_:gterv~l of any interval op~ration contains .t·he 
''exact'' answer .. 
. , IAPS was then incorporated int~ a General Linear.Equation 
Solver (GL~S) program written for:use with interval operators 
' in determinant evaluations and matrix solutions wit-h the hope 
of achieving narrow interval results when~sing initial 
''inexact" dataQ GLES, which us.es the method of gaussian 
elimination, was also written in one case to include pivotal 
. ' 
-,~ condensation as defined for interval operations o The pivotal 
condensation method of GLES was compared with the method of 
GLES whith employed no pivoting finding that very often one 
/ 
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,:..,-· 
.. ~. . . 
~ - ---- ---- ---- .. - --------, ,.~ .. 
method was more successful than the· other in achieving na.rrow 
, 
interval results and,that the method most successful depended 
on the system being solvedv It was also found that GLES, with 
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IAPS, will o,ften fail -to achieve the desir-ed narr·ow·--int-erva·l 
. I 
". . . r . . . . 
- - ., -
- - ' 
~-'-----------~--- ~-,---,~'~.~-res_tilc-s-·wheri applied to ill-conditione.d systemsw In these -
< \ 
cas_es the determinant interva·l range lies near zero, i-o e Q • the 
- i 
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absolute value of .any number contain·ed in the determinant 
' inter-val· is very small. Tnerefore all va"lues c·ontained in the 
final interval divisor~ _ (in 'the back substitution pr_oce~s of 
-
' 
gaussian elimfnatior,i) .are very small since the dete/inant 
interval is the product ot these intervals" .As_c_1_ result· the 
' •• • J 
J ' . 
matrix· S"bllttion interval widths are. magnified and lose the 
desired' narrow widthso 
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INTRODUCTION 
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.. • • .a - - - , 
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- ·-·· - . .... . .,; ' ,·. -- ~ - . --... ' ..... . 
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. -
.. 
-~-
•• _.i:_J 
I , _, 
"The rules for performing arithmetic operations with ---
. . ..... ·-~ ····-·· - -• .. . ··-·-. --·- .... --- .. -- -- -.. .. .. . ....• ··- .. ·-····· ... .. .. . .. . .. .. ---···- . ·1:. :·:·· . -- ··•··-· __ ,: ____________ __:.:.;...._· .... ,:.: __ :...-.: ..• .:.....: ... ___ . _____ ._ ·-- - _____ .,:_ .. __ 
' 
decimal p.umb·ers are simple and· universally known" Whenever 
'the arithmetic operat'ions are being _performed with ''exact" 
~ . 
decimal numbers, an "exact," result will -be achieved by the 
usual -digit-by-digit methods. · Thes·e digit ~by-digit methods 
·/"- -- ------- . .. / j - ~ 
I have-the advantage of a precise indication of ·accuracy -at. 
ea·ch arithmettc oper~tiri?t perfc,r.m.ed~ 
. . Most prac·tical probl~rns unf'ort11nately are too· involved l , ................. ,,, ' . 
and· require extensive numerical computations w.ith "inexact'' 
numbers Q That is, many computations involve numbers which · 
. 'have been determined experimentally and are very often known 
// 
only to a degree of accuracy o Ther.efore, arithmetic opera-
tions performed on such ''inexact·" numbers cannot possibly 
achieve ''.exact" results, but rather will be limited in 
accuracy" One must be ab le to ass·ess such inaccurate r~sul ts 
and be able to determine to what. degree the results are 
ac·curatell 
Manf pt"actical·prob~ems are al.So solved today using the 
' . ' 
! . 
.repetitive capabiliti·es of ·the modern computer. Such problems 
.. 
ll~~"inexact" numbers often lead to badly mis leading or 
.. ' 
·entirely ridiculous results due to eyen_a veiy small ini~ial 
J . 
inaccu·racy when applying the usual. digit-by-digit methods. In 
• _j ' ) 
I ..... .-
-~.:. 
·.•. 
:r1 
,· 
---------- ~t __ 
-----.... -- ... 
- . 
., .......... . 
4 
such cases, one must be able to determine whether ci:te . /results · -~ . 
have.any validity, and if so,· tO what degree ac<!uracy has· been:;.·· ·--~ ·· ·-
' 
achieved Cl 
- -- -- ----- --------- -----H- ---- ------Let us instead consider a different clpproach to thE!"inexact" 
. . 
.. 
problem, If we construct intervals known to contain.our initial 
.. \., 
"inexact" quantities and then proceed to operate on these inter.;. 
vals by "interval arithmetic", we will achieve intervals which 
contain the resultsg 
a 
;">.;., 
Ot1r onlv concern ·will, be the narrowness· J 
of the intervals obtainedo 
·· The purpose of th-is study was. to consider this interval 
.approach to the "inexact" problem and to provide an Intelrfal 
~. -
Aritl\metic Programming System (IAPS) for operating on such 
.· problems, The system was implemented for use ·with WIZARD f9r 
"'t--·-· ... 
t11€ CDC 6400 computei-system at Lehigh University; The IAPS .· .. 
was then used to write an effective system for determ1nant 
V • 
evaluation and rnat"rix solution with "inexact'' numberso 
·----~ .. ~ .............. . 
.. 
f ; t. 
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.,, 
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'· 
·~· 
.. 
.. - ' . ' •. "• ._,.. 
'-, ...... ,.. ... --· 
~--
T- _,:_ - : We first define, an intetval number to be an ordered pair . ---··· ··- ·----- ·r-·-··'-···-··;'····--~e.--
.. 
' 
of real numbers, [a, b], with a -~ b, and with the ·conventiop · 
that the int~erval. number -[~, a] .. is equivalent to the r·eal , 
\ 
.number ao The interval number ,.[a, b] is the. set of all 
j' 
real numbers . ·x such that a ~ X ~ b11 
"""· . •·,. 
· · · We find that upon i opera.ting" ·on ''inexact'' numbers ~ontained · 
I 
in interva~l nt1mber.& , ~~ and .hence. ·upon ()pe·rat i<Jn on the inter~\,al 
... 
numbe:rs themselves Q'7 that we w.i1.l have, for eacl1 exact res,1.l t 
~--
j 
desired, a pair of numbers: an upper bound and, a lower bound 
to the exact resultQ 
Given two interval numbers, .[~,b] and [c,-d], and using 
' 
a given machine with a set of arithmetic instructions in its 
-operation code, it is possi~le, for example, to program the 
computation of the machine numbe,r· closest to ,a + c from below 
and the machine number· c·losest to b + d from above y It is 
' .. 
simply a c~se of rounding the left endpoint, a+ c, down and ... 
the right endpoint, b + cl~ up where necessary Q If the machine 
t . 
-
result is already known··to be on the appropriate side of the 
.,.. 
endpoint no rounding is desir~do 
. It is important to next define '';interval arithmetic'' and 
to briefly consider some -of its properties advantageous to 
• 
.. :: 
. .. ... 
.• 
- ...... - ... 
.;.·: 
' " 
. . 
/ 
----------·--· ____ ___:__ __ . -----~- . ' .. . ~ 
----- ---·- -- - -- --- ,-- -- -·----·------- - - ---- -- ----,--- ----- ..,. 
. ' 
. ,. 
l . 
...... . 
.,;> . ~- •. 
/ t ,·. 
i· 
-, -·- --- . ·\ ·.-,f -... 
,· 
...;· 
·:-::, 
;-,, .. 
... 
-·· If ... represents 'one .. of the. operations .. of +,-.,·,it. our us.e ". 
- .. 
~ ' . 
. I • 
. : v -::· ... 
. .. ... ·······:~---·····we: :def-ine :·ar'it·hmetic o·p·era·tion·s ··on. inte'rvals by:_-·' <·r·-'·;· ...... ,'~-i·::· . -~ -·. - - .. : ·-·--·- - ~ -·· ,,~_: ... -;. ., . -
J. 
·, ., .• 
.: 
{.,.,: 
.. , 
"'' I' 
,, 
[a, bl * {c,dJ- ={:.}c *: y·l-a, ~ x ~ h, c ~ y ~ d}···. ·. · · --- ... ,, ..... - ... , .:..: -
. ' . . ' ' ' . ~- ... 
. . • ,v•: 
. ' 
,··-- .I 
... 
:e,:xc:ce,p~ tha.t we do i'OOt d¢·f;;lne"'· [a, b ]/ [c, d] if O E [ c, d }o 
. . 
·Equivalently we may define "exaci:·-interval arithmet.:ipn .. 
. . 
by the· following f-o;itmu~·as for ·the resultant inter_val end:poir1t·:s .•. , 
[a,b] = [ a ..... d . · b -·· ·c· ] 
' t ·. ,,, . . . 
' 
,. 
,ra·,:b] 'G! [c,d] = [min(at,ad,·bc,bd), max(ac:_.,,.ad.,:btt; .. bd.)·] 
.. 
.. 
·{-a., b·]/ [ c, d] = [a·, b] 0 [1/d, 1/c]~, 
Using these definitions for interval arithmetic, it is 
easy to verify that interval addition and interval multiplica-
. 
·tion are both associative and ·commutative" But the· rdistributive 
law fails to hold for interval arithmeticv 
Example 
"'-' 
[l,2]•([2,4] + [~3,1]) = (-2,10] 
. .. . 
·whereas 
. •'• .. 
[ 1, 2 j • [ 2 ~ 4] ·+ -[ 1, 2 ] • [ -3, 1] = [ -4, 10] 
.~ . 
• 
• 
.. 
... 
~··--
. . - _- ··-:=>:- .~---..._-, 
.. 
C •' 
~---"-!111~~--~--~l!!!!!!!!!!!!!!~-,-~-~---···~---~--~--~--~---~~~~~---------~------------------------------------~--~?·:i:\': T :-~ .>\ -~- -- - - -• ---~ --- -- -- - - ..: ·,;. --
. "·-
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.,. 
.. ~ ; Q,." 
. . r;~. -... ·. 
.. · .... ;· .. • 
" .. '· 
1· 
. ' 
- - - ~ .. --- _. __ . ..,. ______ , .. --~---~ 
. •- • I 
r· . 
' ·"' 
- - -------, .. 
,• ~ . 
r • . 
\. . 
. ·7: I 
On .the other ·hand, . the importa~t~ re'lation .of '_subdistribu- r. 
1 
I 
·{! 
\ . ···-,·,·,i -
· tivi_t'y in· interval a-r·ithmetic- is valid·,· ·io e-~---, - f~or-· any-·in-t·erva,ls .L. ·-·--·- -~;- ___ _ 
·?"' 
... 
I, J, and. K, 
..... , 
_\ ... ' 
.. 
I O (J+K) C I ~: ·'J: ·+ _._ ·1 ·• .· :K: 
where C is the usual set inclusion~ 
Interval ari'thmetic is also monotonic inclusive,-. that is, 
if IC K~ and JC L, then 
'-. 
\ 
I +· J C K +L 
., 
-~ 
·\ 
I - J C K - L 
-·-·)'· 
· ... 
• 
. I. g J C K g L 
---- --. -
,. I/J C K/L (if. 0 /. L) 
·We will now proceed to describe how these basic n~tions 
were developed into the WIZARD IAPS for use on the CDC 6400. 5 
.. 
. - . 
"' 
-~ 
.. .,..· . 
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:.._.,...., 
... 
,· 
.. • 
.. 
' • 
' 
. . 
) , .. 
, . 
,, . 
/ 
• 9. 
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• '4".,, • 
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. 8. 
- '11-: - ' THE eoc,6400 COMPUTER SYSTEM . tr 
····-- ·-· •• .,. •• ';· ....: --~4 -· .•..• ~ .• :~:-:.-,. --·--· ... ···-~: ..• :. .•• :.,,_t., 
' .. 
., 
··In order to write our WIZARD IAPS for the CDC 6400, it 
. \ 
~ is ess~ntial that we be familiar with the execution of the 
. ..,. 
.• 
arithmetic operation· of the CDC 6400 for each such operationo 
· The f·ormat "for· floating p·oint arithmetic, with which we will 
. '~ 
. 
be . inv-olved, is as follows o · _Any number is· ,expr·essed with the · 
general expression Bn(x)j where: 
.. 
x = coefficient or binary mant.issa 
.-.... 
~--
B = base number 
n, = exponent 
') 
···1.. .... 
' 
: !··-. 
.. 
. The base number is· constant (2), The coefficient is a 48-bit 
integer, the equivalent of ab9ut 14 decimal digits whereas 
the exponent is an 11-bit biased exponent and the sign of 
the coeffici~pt is~ carried in the highest· order bit of the 
, " 
p.acked word, •. The number is stored in the foll-owing form: · 
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48·c Sign--'bits are entered in the lo~~ot:'der bit:s at the 
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·coefficient as-. i"t is oormalizedu · Each shift dec,reases the~ 
~xponent by on:e.ci 
. A rou·nd bi·t is adde.-d (optionally) to the coefficient 
clur·ing the arithmet_ic process and has the effect of increasing 
·" the ab5olt1:te ·value of the operand_. or result by one_~half the 
I 
val1.1e of the least s.ignificant ·bit~<- WIZARD does not use 
.,. 
·t·h,is- · 'rounding option, ~o. roµnd!~~g, had to -be· programmed 
~ . , 
ekpl.icitly· when writing the IAPSo 
The float~ng point arithmetic instruct.ions generate 
d(,ub le -precis idn results .~.with only the most significant· bi ts 
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b e ing rec.ovtrred under our WIZARD IAPS ~ Double Ieng th registers 
appear as follows~ 
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Let us .next consider the errors which occur during the 
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arith~etic_ operation of the machine · to be acc0unted for in 
~,. 
the IAPS to insu~e that the resultant interval contiins the 
''exact'' resulto These errors are due to the fact that although 
'tJ 
the machin~ _performs the arithmetic instructions ·in double-
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precision, only the most significant bits are stored by WIZAR.Do 
(For division even double~precis·~ori .fails to be exa~t, of 
courseo) 
_ ,, A bit of notation i·s helpful hei:~. When sl\ifting the 
mantissa x, let us detlote the shifted rr.(aI1tissa by. x5 · with r 
X SL and ·xsR_ the shift·direction denoted by for shift left 
" 
for shift right" Let us denote the number of positions, K, 
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This .. result is stored wi·th a 48-bit mantissa with the 
least significant bit.s being truncatedo .Call this r_esult 
" (y+z)* 0 ' " •. We may therefore have included the following error: 
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Error analysis to~ . s~otrac·ti·on follows s-imi-larly and-- -- .. .,_. . ' --- - . 
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Thus we have Err(/)~ zm-n-47 where m and ri are 
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~ Listed below is· a -list of interval~ aritp.rn.etic operations 
-~ written for the IAPS to provide. automatic e~ror control by ,, · 
._the computer by performing a.-rithmetic opera-tiq_ns on i·nte:rvals 
j 
" 
·1-.J 
·containing the ''exact" -v'alue rather than on "inexact" values 
. ' . 
~ ..• 
using the 4igit-by-digit methodo The specia-1 functi-ons listed 
' .. 
here are discussed more extensively ih a following s~ctiono· 
·'.' 
~ -·r~ 
•. 
IAPS Routine Descriptions 
TABLE Io IAPS ROUTINES 
OPERATTON 
INTERVAL 
ADDITION 
~--
'INTERVAL 
SUBTRACTION 
. ' 
... 
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ROUTINE DESIGNATOR 
WITH PARAl1ETERS 
!ADD~ (Ll 1 Rl,L2,R2) 
·.·\ .. 
. l 
!SUB. (Ll,Rl,L2,R2) 
~·· 
--,-- - -,::; 
RESULT 
The interval ···'Sum of· the 
intervals [Ll,Rll and 
[L2,R2] is calculated with 
the resultant left and right 
endpoints being respectively 
rounded down and up. The 
left and right endpoints are, 
then stored in !ADDLE and 
IADDRE respectively. 
, I 
The interval difference of 
interval [L2,R2] from inter-
val [Ll,Rl] is calculated 
with the resultant left and 
right endpoints being respec-
. - tively rounded down and up. 
The left and right endpoints 
· · are then stored in ISUBLE and 
ISUBRE respectively. 
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ILN. (Ll, Rl): 
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The interval quotient~of the 
interval [Ll,Rl]. by the in-
ier~al [t2iR2] is·calculated 
provided O / [L2,R21 with 
the res~ltant left and right 
endpoints being respectively 
,- ro·und:ed. down and up~ If· 
0. e: [L2, R2] , · an error mes-
sage ~ill be giv~n and the~~ 
progra,m terminated. The 
·left.and right endpoints-are 
stored-in IDIVLE and IDIV~E 
respective.ly. 
,,• 
· The· iri'terval -produc·t of in-
terv·a·1s [Ll, Rl] and· [L2, R2] 
is calculated with the re-
sultant left and right end-· 
points being respectively 
1Qunded down and up. The 
left and right endpoints are 
then stored in IMULLE and 
IMULRE respectively. 
Uppet and lower bounds of 
the natural ·logarithm, av.er 
the interval [Ll,Rl],s1are 
calculated. If Ll .:_ 0, _an 
error message will be given 
·and the program terminated~ 
The left and. right endp9in.ts 
are s'tored in ILNLE and ILNRE 
respectively. .Accuracy of 
the~WIZARD LN. -functionj 
within one bit, is assumed 
in this version of IAPS. 
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ROUTINE DESIGNATOR 
-WITH PARAf1ETERS 
IPOW., ( Ll , Rl, POW) 
. -/ 
. ,. 
.. ~ ,• -
·~ 
IRAT. (A,B,e.,p·,:Ll ,Rl) 
•, . ;.. ' ; ., 
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RESULT· 
.,. 
Upper and hewer bound.s of 
-the interval [Ll,Rl] raised 
to the power POW are calcu-
lated. If Ll ~ 0, POW may 
assume any valrie. An error 
message is given if (1) POW 
is a fraction and. Ll < 0, 
and (2),. 0 e: [Ll,Rl] and 
POW< 0, and the program is 
~terminated. The left and 
right endpoints are stored 
rin IPOWLE and IPOWRE respec-
tively~ Accuracy of the 
WIZARD** operation, within 
one bit, is assumed in this 
version of IAPS . 
·.upper and lower bounds of 
the rational function 
{AX+ B)/(CX + D) are cal-
culated where X E[Ll,Rl], 
and A, B, C, D are assumed 
exact~ If - O £ [the denom-
inator interval], an error 
message is given and the 
1 program terminated. The 
\ 
left and right endpoints are 
stored in IRATLE and IRATRE 
respectively. IRAT. requires 
6 parameters and therefore-
must be dimensioned prior to 
its first calling, since the 
default limit in WIZARD is 4 
parameters. 
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Arith~stic 012erations of IAPS 
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- \. . The ,arit1hmetic operat.ions of_ a¢1!iition·, subtraction; · and - , 
'\.· 
. •· \ e, 
multipl.ic.at_ion in interval mode_ are ~.tr-aight-forward, gqvel:"rt~q 
• 
-· ' f'}'; 
'- ' I 
· · ·by the rules of Chapter !ID Divi·s<ion li~ewise is straight.-
,> 
' 
. 
forward, e_xcept that an attemp·t to divi·de -by an interval ·con-
taining.zero will produ~e an err6r message-~rid terminate th~ 
progra.rno Exponentiation has sev·e:ral cases as. are listed in··. 
~tAl~l.r: Io I:hf~ · natural 1.og:.arit·hm interval -operation merely checks: 
' ' 
. 
• -f; 0 1..L... . or a negative.value is contained in the interval, ·and 
if not-, ca-lls in the WIZARD LNo subtoutine which we assume 
~--
. ' -
calculates the\atural log of the.interval endpoints with less 
than 1 bit error~ 
"\ The interval rational function in.IAPSo determines the 
interva.l resu 1 t of the func.t ion (AX + B) / (~ + D) where A, 
B, C, an~D .. are exact and X · is.in interval formo If we 
denote the interval X by X = [XLE, XRE], we determine the 
result as fo.l lows., Let NUMA === Av XLE + B, NUMB = A 0 XRE + B, 
~ 
DENOMA = C0 XLE + D, and DENOM9r ~ C0 XRE + Dv We first check 
. 
' 
to make sur~· 0 /.. [DENdMA, DENOMB]~ ~ -..;-...:.:.-e If not, we may proceedo 
I 
We next note that as y~ E [XLE, XRE] increa~~s, we have a· 
. 
strictly increasing, .or strictly decreasing funttiono Hence 
/ 
we merely need to determi~~<t:be maximum and minimum of the 
NUMA/DENOMA and NUMB/Di'NoMB quotients to obtain the right 
. -
.. 
• 
, .. 
. . 
.I 
• 
4 
---·-- ------ --.... --= ... ---~-
I •I :c•• 
.. ·.f. - --·---·-'·,-· ·•""' 
-· 
I 
\ . 
I I 
·'1 
- ~([ 
f··· 
t 
-
' .. ;, .. ., ... ~/ .. ~·-
_C-----4- ---- • -- ---~ -- --- ---- ---------------
.. 
...... -~ .... ,.· •l. 
"'. ·-'-:: 
,I; 
u 
~-
·:.:--,. ) t .. 
.. -
., 20 
',# -
~ .. 
.... \ . . : . -
~,- an-d 1-eft -endpoints of the ratio:p:al furrction result--.1.nterv~il . 
. 
The IAPS routines are listed in ·de·tail in APPENDIX Io 
-
Note· there that the "'round-off'' method used ,two variable~:,. 
. . 
' . TW095 and TW047 :J which must be initialized in.any 'program 
' using IAPS prior to the calling of the first IAPS routineo 
(TW095 ""295 and TW047 = 247). 
a 
- -...r---..._ 
The IAPS rout~nes C(l.l.l the s~brout"ine- LN\) from the " 
-
. WIZARD system a.nd EX.I.TU from the Fortran sys~te1110 In addition: -
- . - - - . - --- ,. 
three "maximuwn rout i·n.es; MAX2o, MAX.3~ .,. and MAX4o ~k were. i·n=· · ~-
•. 
\ J. ,,.., ... ;:~: -~) .. ,,. . -•-' . 
corpo17ated in IAPS for -efficiency u The use of these is. also. 
:see.ti··· in APPENDIX I<, 
IAPS operations (routines)-were wr~tten:to guarantee 
t:··hat the r~st1lti.-~ i~terval contains the· "exact" answer o To· 
accomplish this·, the compute4. r~sult for the left endpoint is 
rounded "down", while tha.t _for the ri~ endpoint is round_ed 
''up'~,· and this rounding occurs after normalization, thus 
I 
~nsuring that the "_exact" result lies within the resultant 
( 
_ intervalg · For example, suppose I1:\DDlL1,Rl,L2,R2) is called. 
. ' 
< • 
Interval ad_di_ti_op_~ is _ p~_rforroed _as defined in Chapter' II with 
the resultant left and.right endpoints temporarily stored 
.. respectivel·y -in IADDLE and IADDRE. .Nqw ~ndpoi-nt rounding, is . 
per£ ormed: IADDLE is replaced _by IADDLE -- (IADDLE/2 95 ) which, 
in CDC 6400 arithmetic~ acts to store as the new result the 
i. 
·:-
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.. 
,:;; 
____________________ original· !ADDLE less 1, in the __ least' sign·i-fic-ant b-it -p·o~ition ef · 
~·-············ -
., 
' ' 
. ' 
" " ·t 
( 
· the original - !ADDLE mantissa (unl~ss ·· IAPDLE was zero) 0 IADDRE., 
- . 
i'n turn, is replaced by IA.DORE+ (1ADDRE/247) which is merely ·~.~·· ,_,._._ 
,1 
~-
. the origina,l I.ADORE with 1 added to -the least. significant bit 
16-'cation of the o·riginal IADDRE thus rounding upo At this ~- ·a.-
point·, r-eun_ding has been completed and control is ret_urned 
b ' -
to the main programo Note also, in the case where- an. endpoi~t .,.. ·-· 
r I 
is exa·¢tly zero, o\1r ro1.1ndin:g method is. correct\, Tha_t is, 
.. -~. :. .. - ~· ,.. __ ,., . . .. 
~ 
suppose !ADDI£ ~~ 0 i·n the initia.1 calculation of IADDLEQ 
!ADDLE ls then replaced by !ADDLE - (IADDLE/295) = O - (0/295) == 0; 
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· _GENERAL LINEAR _EQUATION SOLVER FOR IAPSo . 
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With this basi"c · IAPS package- (l.isted in· APPENDIX I) it.· 
is. rather simpl·e to ~xtend to more complicated function 
routineso .But rather- th~ri proceeding in this direction; i.t 
is the aim of this. paper to take the present IAPS and t6 
/ 
illustrate its use in a pr.oblern comniort to most scientific 
program users: that of devel9ping an accurate determinant 
' 
evaluator and matrix solver·progrc1.m for "texact" numerical 
applica~ionso 
Initially a general ·1-in.ear ··:equat:i.on solver program wa$ 
- ' 
writ~ fo,r "exact" numerical pro.b.lems both with and without 
. . r . 
pivotal condensationo These programs were then rew~itten for 
' -, 
.. . 
· use ·with IAPSo The programs themselves represent only one 
method of approach to matrix solutions, that of gaussian 
elimination., 
The two General Linear Equation Solver (g~ES) __ ~programs· 
I. 
were identic.al except that one ·used pivotal condensation while 
• 
-
· t·h·e other did notv · Only that employing pivotal condensation· 
is listed.in APPENDIX II, although data from both is found 
·there .. -· .... -·~' ' 
We are using ·the term, pivotal condensation in GLES to 
·-
mean the following: 
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Suppose we cwish. to .S:DlY-e._-ffte .. ----S-J-S--t-e-m-,-·-'.:--·-··:-.. .. .--,-,--.----· ' .. - -- ~----- - - --
[4, 5] 
[100,102] 
. [ ,f? , 8 ] - \ . X = 
[91,93] ) 
. . 
. ·[ 12, 13'] \ 
.. 
. ) 
[ 68, 69_] )/ 
In column 1, we determine the row with the.interval 
~ 
.. 
endpoint of greatest absolu.te value (in this case ro~ 2) o 
We then interchange·· row 1 with this row s·o that the pivotal 
position (th.e diagonal position) iri col:urnn 1 has the- interval 
I 
. 
. one. of whose endpoin.ts has the largest absolute valueo If 
~..-r,, 
·' 
the matrix dimensions were eater than· 2x2, we would compare ~-
row 2 with the remaining rows.and proceed in the same manner 
after the other el_ement.s of· column 1 have been eliminated as 
. in ordinary· pivotal c~~tiono · In o;dinary pivotal1. con- · 
.. 
. 
.. . densation this would consist·of adding to the- secon~ow the 
result. of multiplying the first row by -a21/a11. In interval 
di·vi~ion, our endpoints are th_e maximum and minimum values of 
the interval division operation and ·so we have reduced the 
··- ~ 
width of the interval by using, as t·he denominator interval, 
that with the largest absolute value ·endpointu· In this way 
we have reduced th~ .magn_ification (in absolute t~rms) of· . ' 
I • 
• 
I 
· interval widths both during the .elimination phase and during 
. the. back-substitution phase.of ~he solutionu 
GLES is designed to produce both the determinant· of a 
matrix A and the solution of systems of equations 
...... " 
'"'-· 
,. 
AX= B 
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.where· A is an nx· n. matrix, B -an n ~ r mafrix, and . x, ·_ ·is: 1 
an n X r .. SOlUtiOll" matriXo 
~;/T - .. 
Input: 
- .. 
(1) 
(1) 
(2) 
N = order of matrix A 1 
DO= Negative sentinel, (method 1) if the data is read i~ 
int~rval form·~s [ALE(I,J), ARE(IjJ)] 
= Positive Sentinel, (method 2) if data is -read as an 
~ . . 
"exact·'' 11,1mber A ('I, J) wi.'th an erro·r radius RAD11JS · 
. 
ALE(I,J) ~ left endpoint of data interval 
ARE (I, J) = right endpoin·t of data :interval . 
RA.DI-US = radius of data e:rro1:7 (radius is either abso'luee 
I\ 
q . 
or a percentage error depending on TYPE) 
(2). TYPE = Negative sentinel, ~f error RADIUS is a percentage 
error (ioeg, value is within A(I,J)*(l + RADIUS) 
-
= Positive sentinel, if error RADIUS is absolute 
A(I,J) + RADIUS) 
-
- .NSOL = number of systems to be solved, 
(2) A(I, J) = ''exact" data values of matrices A · and Bo 
. Output: 
.. 
· The determinant of A is· output in interval notation- as 
, 
-~!, DETRE]o Each system solution is output in interval 
form as [XLE(I,J), XRE-(I,J)] where I is the .row and J is 
0, the system solutionci 
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<I 
__ ..:.~-------~---·-· .. ·_·~· --- ..-m'sci,:fie·.--c-oriip-iete GLES package, ·inc·luding the re_qu; __ red IAPS · · 
-;--~,, • • t 
. 
,_ 
.· rout.~nes, -is found _·in APPENDIX II" 
' -
The data input and output for GLES is a:s f.ollc>wsg.:-
(1) The dim\-nsion N of the 
. .,.... . 
n x n -mat:J;ix A is readg 
(2) TheJm~th6d of input is determined next by reading ;(a) a 
positive sentinel if matrix A and matrix Bare to be 
read in ''_exact"-form with an ei;ror radius, or(~), a 
- . 
a·nd B --·are to be read 
• I 
q inter·val formo. • 1n 
1~-
\, 
\ ,. (3) If method -(1) ,- -then the' radius • 
.11ext reado The error in \ 
"type" of error i-s then ·determined by reading TYPEo . A I 
.. . 
f t -· 
-.:.. ·"' 
negative sentinel is read 'if the error is to be interpreted 
as a percentage error while a positive sentinel indicates 
1 ~ • 
.. 
- - ---- •···-
·.·,. .. 
' 
) ab-solute error radiuso Ma·trix A is read row by row. If 
A 
-, ,,"'!_ .. 
1 2 3 \ 
4 5 -6 a'; 
7 8 9) 
then A would be read in data form as 
' .. 
- 1 2 3 4 5 6 7 8 9 ~ . 
As matrix A i·s read, its interval form 
-
.,,, ' 
, 
is computed,, 
using either A .. == A .. * 
':l .. J 1J (1 ± RADIUS) if error-is a 
. -. percentage error, or Aij == Aij ± RADIUS---tf the error is 
l 
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absolute erroro Under me.thod (1), with a percentage 
-·· , iJ 
error RADIUS= .01, the above matrix w6uld be input· 
in data form as 
./ 
3 1 0 01 . ~:01 l, - 2 3 ·4 5: 6 - 7 
·8 
After matrix A is read, NSOL is read, that is, the number 
· of §ystems to be solved (the number of' columns in matrix B), 
Next matrix B is read row by row just as matrix A, 
... 
This completes the input.under method (1). 
If method (2) is called,· matrix A is read row by row in 
interval formo · Let ~ 
A ·= · : . [ 1:··,. 2·] 
·, [5, 6] (3, 4 J ' [7, 8] . 
~ :, 
. \,, 
Each matrix position is read, one at a time, with first 
the ref£' interval endpoint being read, and then the right, 
The above matrix A would be read in data fd'rm as 
2 -1 1 - 2 3 4 5 . • -- -··· ---·· ··----.:.,..~- -·----- .. ---.,._w~"-'."'·----·-;--·----- -:- . 
' 
.... ' . 
Just as in method (1), NSOL is· then read, Matrix B data 
._ - [ 
follows in the above form, being read row by row just as 
l . 
was matrix A. This co!Ilpletes the input under method· (2), 
- . -, 
; . ;;r· 
. .. :,"-
·I· 
·r 
· · (4) Matrix A and B are printed o\lt in interval form with . 
their indices preceding them to indicate.their position 
in the matrix to be solvedo 
.. ,,: 
, I 
\ 
( 
/ 
,, 
. 
i:J 
'j 
' 
1 
./ 
; 
' t 
I' 
. yT-
ti! 
~--·- -~----· .·-.------
- ' 
., 
- ' 
.. 
·\ 
-
. ,. 
-.-- .... - - '-,,..,.; - -- . -
. _:_ __ . _, ..... ·.- .). "-'•'-'" .. ·,-
- • - -~-- • MO-~ .. • 
• 
27 _ 
. .. 
·l 
\· 
·_ · __ ·(j) GLES- -then-- compute·s·--the--d_e-·t-erm'inant --an-d -sol-ut·i-on mat-rix---X- -
. ,./ . . 
. 't. 
in interval formg The determinant is printe.d in. interval 
. . 
form with the solution matrix X following in.the same 
printout· form as was ,the matrix to be solvedo' 
_ GLES, as found in APPENDIX II, aper.ates wit-h p.;ivot_a·t 
. . I , 
• ·, I • 
\ . I .. 
condensationo The no-p:1:-voting method of GLES con~ists of 
the same program with the following de.let-ion~ and additions: 
• I 
i 
. I .. 
(1) · del~te cards with sequence #000660-#000840, 
' 
(2) following card #000650 add. a card~etting. J =· 0 
' ~ 
(3) on a second card,- put' 36 in t.he. 1la,bel field and 
·' 
set I ·= (J ·= -J + 1) .. , 
~ 
(4) starting with card 4F000850 th' 'piVot~l deck 
and the deck .thus fo;·med is ihe Jlo·-•pi.voting 
'\. fol-lows 
GLES 
I ~ 
I 
programo 
The dat·a which follows GLES in APPENDIX- I·I was· run both 
with pivotal condensation and with the no-pivoting ~ethod, 
the first run in each case being the one with pivotal conden-
sationo . 
-
'· 
The first two-pages of data (Example 1) ·give an example of 
·. 
a case in which pivotal condensatibn w~~ essential for the. 
success of the program. The system of equations to be solved 
'\ 
was 
• 
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loOOOO 
0 "9600 
08400 
06400 
. 
--'-- --·-
- --,- --~ 
. ' 
••• 4 
-
. 
0 9·60·0 . ··-= -8400 . 0 6400 _--·· -- . 
0 9214. 0 4406. 0 2222 
04406 ·100000 03444 
02222 o.3444 looooo· 
"X = 
-28 · 
... 
-~ 
304400 
.. 
. 2o·S442 
. 28 6250 
. ·2 ~ 2066 
.. ' 
~· 1'. 
-· - l 
•. . 
with a·n -absolut.e e'.rr.c;;;-r ·radiu·s of.· .. 00 0000010 As input_, .. :t'hi·s 
data was read under method_., (a) as follows: 
. "" 
4 1 . C 000001 
.. 0·9214 . ~ 4406 
0 2222 0 3444 . 
,-r __ -·--·-,- -· -
1 loOOOO 09600 
02222 08400 04406 
loOOOO 1 304400 
0 841>0· 0 6400 . 0 9.6bo . . _ 
loOOOO 03444 06400 
205442 206250 2o2066e 
In th~ first run pivotal condensation·wa~ used ~etting · 
~-, ... 
valid;resu~ts,,with.a-set of solutions with interval widths 
< oOOlo In the second run - the no-pivoting method - no results 
were achie~ed since the program was 
denominator in·terval which contained 
. 2 programe 
asked to divide, using a 
O, thus terminating th·e 
In th~_ second set of 'results found in APPENDIX II 
, (Exampl-e 2) ,, we f·ind another case in which -pivotal condens·at-ion 
proved necessary to achieve the stated desire of GLES.- to 
a·chieve as narrow interval results as possible. In this 
example, the· piv9~al cop.densation run provid~d a determinant 
interval width 
method. If we 
approximately 1/10 as wide as t1 no-pivoting 
compare "iita,·t.rix ·solution values, we have 
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·· ··· tinder, pivotal condensatiorr whereas · ~-~-··· --------·- . __ - - -- - -- . -.. ,.. _.,-,-------. - . ~---- --- - ___ y _ ___..:,_,.. ____ -"·- ~~- ----:--.--------- ---------·· -- ,.. 
_, 
-~ 
-~11 E -.• [~·o 045191818, .. + 0·03.2846368] 
~. 
' in the no .... _pivot::ing case O Here we· have an · 1nterval width of 
less. th~n - 00027 as compa~ed with -one of width·greater than 
0 07700 So we see that in o_rder to achieve the narrowest 
-
- .·~-- ...... 
interval width poss.ible, it was· more. success.ful. to use 
p.ivotal conden~ati.on. in GLESAo 
In considering the third example in APPENDIX II, we again 
-
find this to be the ~aseo x 11 , for example,. lies· in an inter-
.!' 
· val_with width less than 6057 w!th pivotal condensation as 
compared with a width greater than 14078 in the no~pivoting 
caseo (Although even this interval width of 6057 seems large, ;, 
. . . '"(:/ it, in fact, represents less than lo2% relative error)o 
In Example 4 we have ·another case of a successful run 
" 
with pivotal condensation whereas the no-pivo.ting method 
failed" " In this example the error radius used was a 1% rela-
tive error radius rather than an absolute error radiu-s as 
•. 
used in Ex~mples 1, 2, and 3.~ 
/ 
" 
I 
These four cases were more successful with. P.iv·otal conden...; 
. 
.. sat ion~ · But· in Example 5, we find a sy~tem for· which GLES 
fails due. to a zero in a divisor both iri the pivotal ~onden-
sation method and in the no-pivoting methodo ·· Then' in Example 6 
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we __ find ... a ca.s_e in .-Whi.ch th-e no!"9p-,i\toting method proved--mo.re 
,.succes·sful than t-he pivotal method in te-rms of narrowness of 
... 
iriterval results. For exam~le x11 , has a 71ative error 
~ . 
of 6e 1% in the p_ivotal case ~-S comp·ared with only 4e 2%. in the 
Thus w.e r·ea-liz-e that the pivotal method 
i ··~., . ,.. 
heed not be the better methodG 
Let us next consider the outptft_, .f)J.1.1.owi-ng :Ex·ampl_e 13 of 
A.PPE.NDIX·,, II., ,He·.te we co-ns idered the 9-7· :s·y-st:~_ms formed l?y 'the 
system 
C, 3X + MY c.-. 5 --~4 
... 
'NX + 3Y - .5 
\,. 
·where M and· N vary· from ·O 
.. 
to., :9_-._· 
•· ·, .. ··. ,• inde.:p.e.n d-en t 1 y ~ " ex c lu.-clin_g: ~ -
• 
the singular cases (M· = N = 3, _M· _=; ·9 and : N = 1, · M = 1 an·d., 
• 
N = 9) Q A relative error ·radius of:- 1 percent was used. :Two 
GLES methods - one using pivotal condensation and a second 
using anti-pivotal. condensation - were incorporated· into one 
J ' 
Program to compare the"r'esuits of the.methods when applied 
tp these simple systemsQ 
It is in just such.a problem as this, in which numerous 
matrices are to be quickly operated on,· that a program such 
as GLES is most importantu One coul·d have easily hand solved 
t·hese simple systems but even so w:ould have ta·ken quite a long 
time .as compared with a few secondsg The program used here was 
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< 
written to compare ·the interval width results of the·· two methods·; 
-.~ 
. 
and the better method i~dicated as explained in the output/ 
· The progra~ was run in a search for indications as to 
in-~hich cases pivotal c6ndensation most probably would be 
• 
' the more effectiv~-methodv In es.sence, we ·are compa~ing the 
-
~ pivotal condensation method with the nd-pivoting·method when I 
s·olving these 2·equation systems by evalu~ting the systems 
.... 
. in their t~o possible arrangements of the equations~. It is 
soon apparent from thi.s , comparison of· the two methods that 
~ in even these v~ry simple systems neither method tart be con~ 
. 
. sidered best, and that their. effective_ness will depend. :U:pOn, 
. ' 
the sys tern being consideredo. Of the 9 7 matrices, smal:ler· 
(smaller in- the interval width sense) interval- results were 
achieved in SOOS% of the cases in which pivotal condensation 
./ 
~ 
· ~as used, 21~3% of the cases had better results with the 
anti-pivotal condensation method, and in 28. 2% of the c-a$eS. 
the two methods yielded the same results~ 
Of an.other 23 sys-terns arbitrarily chosen for test purposes 
' 
. with a pivotal condehsat·ion metho'd and with the no-pivoting 
method;· 78" 3% achieved bett~r results wit .. h pivotal condensation,. 
17.4% eithe~ yieltjed the same result~ with both methods or 
.!4 • 'ii 
both failed due to zero in a divisor interval, and·4.3% were 
better with the no-pivoting method. It appears from these 
and other systems run, that the larger the system, the more 
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t\ ·- - ·--.,,:.C l~kely i.t ~ is that· pivotal condensation ·will be the more -suc~ess-
' ful methodo 
. r ) 
-· Six example set~ of data (Eiamples 7-12 were also run to 
' 
·determine the ef·fectiveness of GLES when applied to ill-condi-
tioned systemso The firs·t two systems (Examples 7, 8) to be· 
solved (using an absolute error radius of 0000001) 
( 4 l 1 \ 3 7 3 4 7 j . ., : (f }{: •. ._, \ X -\ .__.. I Ci I· l .' 1 ,\ 2· •.. .:.1 1 (, 00001 2· . , . .. . : ., . .. J ). _.:\ \ ,:<· 
differ only slightly~ and the same holds for t'heir. :so.lutio.n:s 
~they are not 11i-conditioned) 1 . , ' 
. ·,.-.. ,, 
X· -="l 
.· 11 
~21. :~ l 
Our data results are~ 
X ·· .·· = o 99998 7 1·1 
x21 = ,lo 00001 . 
Xll E [e99996878, 100000312] 
X21 E [. 99997733, 1. 0Q01i22 7] 
Xll E [099992878, 099999122] 
Xzl E ( lo 0000073, lu.000052 7] 
.. In each case we .achi~ved int~rval widths of less "than .0'0001 
•· 
· bot~ with pivotal conaens~tion and~with the no-pivoting mettled 
.: and mu,st consider this a successful solutiono 
.. . 
In the second two systems (Examples 9, · ·10) -considered, 
we expect similar resul~s since they appear much like the first 
systems considered, but these cannot be used to approximate ~ 
r 
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,. 
These two ·s.ystems (using an 
. 
. 
each othe~ as we will seeo 
\ 
' ·\\ 
- -... 
,r· .. 
\ 
>t,\ 
• ll 
.absolute error radius of' 0 000001) .. 
4 
-
-
. 7 ·~ 
7 0 00001 J 
ir 
1·. 3 
\3 
4. 
3.99999 
7 
- 70 00004 
appear similar, yet their solutions (they are ill_-conditioned) 
X -- -:.;:; ·1 21 · · 
-
are cbmpletely different. 1 
-Xz_l 
·2. 
= 73 
= <&>4 . 
On applying GLES, ~e got the resu~lts: 
... 
·::.. 
. I.· 
.-
Xll E [503636330, 140000004] 
!) 
.. 
x1-1 € [-lv 8333359, 2. 0303043] 
x21 e .T Q '22121261, 3 0 12sooos J Xzl E [-Bo 7499971, -202727269] 
Thus our results are valid although our intervals fail to 
achieve the narrowness that we wish when using .GLES .. In these 
ill-conditioned systems we -f~ound very small absolute determinant 
values which is one indication of such a systemo· 
" 
Examples 11 and 12 are again cas~.of ill-conditioned 
systems.o These systems (with an absolute error radius of -
-~0000001) 
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' 
· - dif fe-r- -v~,.t.Y -s·light-ly. but Yi,~ 1-d greatly -~if fe~ing r-e-s-ul ts:- ----··. ··~--.L.- ---·---- '!"'" -- , .••• ,---.-~---
~11 = 100,001 
x.21_ = .100, opo 
1 
., 
·Xll =·-99,999 
~21 ;:: -100, 000 
Looking at GLES output,. take note first of the sma .. 11 deter.., 
-----· . : . ~ . . . 
minant- va~ues, ar:i ··_ind~cation of an· ill~co~ditioned s·ystemo 
Also we see, as we did -in the pt:'evious. ill-conditioned system: ··,··· 
·r . 
. ..-,,.:-~ ;, ~· "f 
· ~.xc1mples, that _t.he __ resul_tan_t .so_l_ution. _interval. widt-hs. are~--very ...... -- -·0 
· ·wide, and do not lead to the typ-e r.esults ~es ired (even though 
the results are valid) since a sma-11 error (or change) in 
the system leads·to a big change in the solu~ions~ In the 
l~tter·cases, in which the first indication 6£ Stich l· system 
.· -··-· 
. 
is the very small determinant values, we will often be forced 
to s~ttle for a wide interval·width in the solution resultso 
The· GLES program using ~n interval arithmetic package 
such ai IA~S ~ill, on.the other hand, be in effective program· 
' 
. -for treating. the interval approach- to general linear equation 
systems as long as ill-conditioned systems are not considered. 
Neither the pivotal condensation n:or the no-p.ivoting method 
proved to be~t.e~ the other, although pivotal condensation 
appears to be the more· successful of the two ~hen solving_ 
larger systemso 
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